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SUMMARY
A theoreticalinvestigationispresentedof thethe-temperature-
dependentbucklingofa pin-jointedconstant-sectionc lumn,whoseinitial
curvatureisdefinedby a half-sinewavewhenthematerialislinearly
viscoelasticandisheateduniformlyalongthecolumnat a prescribedtime
rate. Itwasfoundthatthedeviationsfromstraightnessincreasewith
time’andbecomeindefinitelyargewhenheatingreducestheYoung’smodu-
lusofthematerialto thevalueatwhichtheappliedloadistheEuler
loadofthecolumn.Whenthecolumnisheatedveryrapidlythiscritical
timerepresentsthelimitofusefulnessofthecolumn.Whenheatingtakes
placelessrapidlythedeflectionsofthecolumncausebendingstresses
. exceedingtheyieldstressofthematerialat a timeconsiderablysmaller
thanthecriticaltime. Theequationspresentedpermitthecalculation
ofthisreductionintheusefullifetimeofthecolumn.
.
INTRODUCTION
Analyticalinvestigationsandexperimentshaveshownthata visco-
.elasticcolumnat constantemperaturesubjectedto a constantendload
lessthantheEulerloadwillbuckleiftheloadismaintainedfora
sufficientlyongperiodoftime. Ifthetemperatureis increasedthe
timerequiredforbucklingdecreases(refs.1 to 3). Thistypeof response “’
of a structureto a sustainedconstantloadis anexampleoftheeffect
of creep,whichisoneofthefactorsresponsiblefortheinelastic
behaviorofa column.
Creepbucklinghasbeeninvestigatedrecentlyinsomedetailby
Kempner(refs.4 and5). In reference4 thecolumnwasassumedto possess
ideallinearviscosityoftheNewtonigntype. Itwasfoundthatinitial
slightdeviationsofthecenterlineof!thecolumnfromthestraightline
increasedcontinuouslywithtimesndbecameindefinitelyargeiftheload
andthetemperaturew remaintainedconstsntforan indefinitelyongtime.
Themathematicalconceptof indefinitelyargedisplacementsi equivalent
to thepracticalconceptofbuckling.However,a columnbecomesuseless
. forpracticalpurposesatan earliertime,nsmelywhenitbecomescurved
to sucha degreethatit cannotfulfillanymoreitsstructuralpurposes
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orwhenthebendingstressescausedby largedeviationsfromstraightness
cannotbe supportedby thematerialofthecolumn.Thesituationis
differentwhenthematerialexhibitsnonlinearviscosity.Inthatcase,
investigatedbyKempner’inreference5, indefinitelyargedeformations
arereachedaccordingto theequationsderivedina finiteratherthan
inen indefinitelyargevalueoftime. Nonlinearlyviscoelasticcolumns
buckle,therefore,witha snapaction.
Inalltheworkcitedthecolumnwasassumedtobe subjectedto a
constantloadw]ilethetemperaturewasmaintainedata constantlevel.
Inrealitythe-temperatureofthestructureof a supersonicplaneor
guidedmissileisincreasedfromthetemperatureprevailingattheair-
portor inthehsmgarto someelevatedtemperaturecorres~ndingto
thermalequilibriumatfullsupersonicspeedwhiletheplan-eormissile
isundertheactionoftheloadsexistinginflight.Itisof interest,
therefore,to examinethe~roblemofthebuck-kingof a columnsubjected
to a givenconstantloadwhileitstemperatureisraisedfromanibient
temperature.onthegroundto thethermalequilJbriun.temperatureinsuper-
sonicflight.InthepresentreportsuchaninvestigationiS caJ-Ti* Out
withtheassumptionthatheatingtakesplaceat a prescribedrate.
Theinelasticbetiviorof a materialwasanalyzedbythetheoryof
mechanicalmodelswherebytheconstituentphasesofthematerialwere
replacedbymechanicalmodels(ref.6). Themechanicalmodelsarecombi-
nationsoftwomodelelementsrepresentingthetyobasictypesof defer- .
mation:
(1) A perfectlyelasticspring,whichobeysHooke’slaw,forelastic
deformation.
(2) Adashpot,consistingof aperforatedpistonmovingina cylinder
containinga viscousliquid,forviscousdefoliation.
Thespringelementisa modelof a linearlyelasticbodywhile,iftheliquid
inthecylinderobeysNewton’slawofviscosity,theaashpotisan example
of a linearlyviscousbody. Thesebasicelements.maybe couplesinseries
orparallel.Whenconibinedin series,a linesrMaxwellmodelresultsand
representsthemodelconsideredinthisrepo~ to explaintheinelastic
behaviorofthematerial.
.
M
—
*
.
.
Thetotalstraino.fa Maxwellmodelundera uniaxialforceconsists
of anelasticomponent(whichcontainsYoung’smodulus)and
component(whichcontainsa viscositycoefficient).Inthis
Young’smodulusandtheviscositycoefficientareconsidered
tionsoftemperature,whilethetemperatureis a functionof
effectsareneglected,sinceitis showninreference7 that
agreementbetweenresultsofthedynamicandstaticapproach
viscoelasticcolumns.
a creep
report,
tobe func-
time. Inertia _..__.
thereisgood .
forlinearly
R
MICATN3139 3
Basedontheassunptionthatduringbendtngenytransversesection,
originallyplane,remain$planeandnormaltothelongitudinalfibersof
thebesm,thewell-knownfundamentalrelationbetweenradiusof curvature
andstrainisobtained.Assumingsmalldeflections,thelatterequation
whendifferentiatedwithrespecto timeresultsina third-order,I.inesr
partialdifferentialequation.Theassumptionofa productsolutionin
theindependentvariablesreducesthisequationto a fi,rst-ordereqyation
whosevariablesareseparable.
Thedeflectionofthecolumniseqressedintermsof a simple,
definitetimeintegralcontainingYoung’smodulusandtheviscositycoef-
ficient.A solutionispresentedfora generalMnearvariationofYoung’s
modulusandviscositycoefficientwithtemperatureandoftemperature
withtime.’
Theauthorwishesto expresshisgratitudeto”l?rofessorJ seph
KempnerforhisadviceandtoProfessorN. J. Hoffjthesupervisorof
theproject,forsuggestingtheproblem.
ThisworkwasconductedatthePolytechnicInstituteofBrooklyn
underthesponsorshipandwiththefinancialassistanceoftheNational
AdvisoryCommitteeforAeronautics.
SYMBOLS
A cross-sectionalareaof
al,bl constants;coefficients
temperaturelation
~sbp constants;coefficients
temperaturelation
~,b~ constsnts;coefficients
JJ relation
c constant,~P/~o
E Young’smodulus
Ea activationenergy
F definedby equation
column
inassumedlinearYoung’snmdulus-
inassumedlinearviscosity-coefficient-
inassumedlineartemperature-time
(12)
4 NACATN3139
Fi maximumdeflectionofunloadedcolumn
I momentofinertiawithrespectoneutralaxis
constantdefinedby equation(19)
L lengthof column
M momentofexternalforces
P constant,compressiveendload __
temperature(time)dependentEulerload, fi2E(t)I/L2
R universalgasconstant
T temperature
temperature,degabsTa
.
“
b t time
additionaldeflectionfrominitiallycurved,unloadedcolumnw
Wf
Wo
initialdeviationfromstraightness
elasticdeflectionresultingfrominstantaneousa~licationof
endload P
axialcoordinateof columnx
normaldistancefromneutralsurfacez
constant,a2/b2
constant,(al- C)/bl
totalaxialstrain
creepcomponentof axialstraim
a
P
—
—J.
elasticomponentof axialstrain
viscositycoefficient
radius”ofcurvature
stress
.
.
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0 definedby equation(13)
$ functionof temperature
Subscript: .
0 conditionsat zerotime
GENIXALANALYSIS
Thefundamentalbendingrelationbetween
theradiusof curvaturep,whichisbasedon
transversesection,originallyplsme,
longitudinalfibersof thebeamafter
l/p=
where z isthenormaldistancefrom
remains
thetotalstrain6
theassumptionthat
planeandnormalto
bending,is
G/z
theneutralsurface.
Theinelasticbehaviorofthecolumnisexpressedintermsof a
linear’ldaxwell”unit,thatis,a seriescombinationfa springelement
obeyingHooke’slawforlinearelasticitysmda dashpotwhosefluidobeys
Newton’slawofviscosityforlinearviscosity.Thetotalstrainofthe
Msxwell
ee and
unitundera uniaxialforceconsistsof theelasticomponent
thecreepcomponentGc (ref.6), or
JtG =Ge+Gc= (a/E)+ (ff/L)dt (2)o
whereYoung’smodulusE andtheviscositycoefficientX areboth
functionsoftemperature,whilethet~peratureis a functionoftime t.
Thesubstitutionf equation(2)intoequation(1)andmultiplication
by Z2 yield
JtZ2/p =(az/E)+ Z ( a/X.) dto
Therefore
z2d(l/p)/dt= (6Z/E) - (l&z/E2) + (az/k)
where d/dt~(”). Integrationf eachtermoverthecross-sectional
area A resultsin
$( l/p)
J
22 dA= @)j;z dA - (fi/E2)~UZ dA + (~/k)j’ UZ ti
A A A A
(3)
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AsthemomentM of’theexternalforcesis expressedby
M= J’ azdAA
~t followsthat
k=
J
&zdA
A
Henceequation(3) reducesto
EI d(l/p)/dt= i+ [(E/A). (~/E)]M (4)
where I isthemomentof inertiawithrespecto theneutralexf.s.
Forsmalldeflections
l/p= -d%@x2 (5)
where“w istheadditionaldeflectionfromtheinitiallycurved,unloaded Y
C01U31KI and X is theaxialcoordinate(fig.1). Theinitialdisplace-
ment Wi ofthepin-jointed,unloadedbarisassumedto be
.—
‘i =Fi Sill (fix/L) (6)
whiletheelasticdeflectionWm resultingfromtheinstantaneousappli-
cationoftheconstant,compres~iveend
solutionof
EOId%o/dx?= -~ =
Thesolutionof equation(7) is
P/P./ J20
W. = Fi
1- (p/%o)
load P isobtainedfromthe
-P(wo+ Wi) (7)
sin (m/L)
wherethesubscripto refersto conditionsat t
isthecorrespondingEulerload.When t >0, the
be considered;thentheexternalmomentM at any
M = P(wi+W)
ti=&
sothat
(8)
b
= O, and .PE = 7?EoI/L2
o
creepphenomenonmust
sectionis
w
(9)
.
(lo)
l.
.
.
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Thesubstitution
therearrangement
fequations(5),(9), and(10)intoequation
ofternsresultinthefollowingthird-order,
7
(4)
linearparbialdifferentialequation:
a%‘rXx7+ %+ P[(E/h)- (fififlw= -p[(E/A)- (~/E)]Wi
(11)
Equation(11)mustsatisfytheconditions:
t=o, W=wo
x= O,L, w=O
As a solution,assume
which,whenintroduced
gives
-E@(YC/L)2+ Pi +
Let
w= F(t)sin(YTx/L) (12)
intoequation(11),togetherwithequation(6),
P[(E/X)- (fififlF=
-P[(E/L)- (~/E)lFi
pE . pE(t)= fi2E(t)I/L2
@ =@(t) = [(E/~)- (~/E)l/(E-C) (13)
where
/
C =EOP pEo is a constant;therefore
1!- COF= C@Fi
Hence
dF/(F+ Fi)= Co dt
whosesolutionis
thelastequationbecomes
Jtc @dt
F = (F.+ Fi)e 0 - Fi
,
*
8Fromequations(8)and(12),when t = O
w = W.
= F. sin(n’x/L)
therefore
/
‘0=‘i+)=‘ic’(%-c)
and
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Thisexpressionisfurthersimplifiedby theevaluationfthe
integral
J&=J’‘E’;::y’)‘t
Jt E= () X(E- C) dt -~E[dE,E(E- c,]
o
tJ E dt -(l/C)‘OX (E-C)
J
tE
= “ - (l/C)
o A(E- C)
E
[{[ 1(lE -C)]- (1/E)}W
E.
loge [(E - C)Eo/(Eo- C)E]
.
(14) l
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.
Therefore
f
t
J
t
c @dt C
~o eo
=
[(=EEO
Equation(14) becomes
E dt-lo~[(E-C)Eo/(Eo-C)E]
X(E-C)
JtEc o X(E-C)dt
- @/Eo(E- Cjje
[JtEc t() X(E-C)‘1
F= Fi!e -1
1- (C/E)
IlutC/E. EoP/PEoE= P/PE;hence
F Fi
andfromequation(W)
[
JtEc teo A(E-C)d
1- (p/pE)
1 (15)
[-
w=Fie
J
1 sin(JOS/L) (16)
1- (p/pE) - —
Equation(16) expressestheadditionaldeflectionw intermsof a
simple,definitetimeintegralcontainingYoung*smodulusE(t) sndthe
viscositycoefficientX.(t).Itwillbe notedthatthedeflectedcolumu
retainsitssine-cu~echaracteristicandthattheadditionaldeflection
tendsto infinityin a finitetimewhenthetemperature(time)dependent
Eulerload pE(t) approachesthea~lied,constantendload P.
v
Althoughtheequationindicatesthattheinfinitedeflectionis inde-
pendentoftheviscositycoefficient,hetime-dependentviscositycoef-
. ficientdoes,forpracticalpurposes,influencethebucklingfailureif
bucklingfailureisdefinedby someftiiteratioof additionaldeflection
to initialdeflection.
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APPLICATIONF GENERALDISPLACEMENTEQUATION
Equation(16) issolvedforthefollowingassumedgeneralinesr
relationsbetweenYoung’smodulusandtemperature,viscositycoefficient
andtemperature,andtemperatureandthe:
E= al+ blT
X=a2+b2T
‘=%+b3t
t
/’[/ f
t
c dt X(E- c)] + (dt/L)
‘o o
(c/blb2b3)~[~/(T + ~)(T+ p)]+
To
where a = + (2and~=-a1- c)/bl.mt
—-
= loge
[
(To+d(T+B) JP1(T+ U)(TO+ P)
—
-.
-.
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and
11
J’t~ dT/(T+ afl= lo~ [(T+ a)/(To+ m)]
o
therefore
J_r E dt =
[
(T.+ a)(T+ i3j
o A(E- C) (C/blb2b3) bge (T+ a)(To+ P)
a+
+
{ 1-
b1b2b3(-P) 1(T.+ a)(T+ p) ~= lo& ()]T+a(T + d(To+ B) To+a
I&c
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Then
.
(17)\T+cLj \To-I-$j
Reference8 presentsan empiricalquadraticformulaforYoung’s
modulusvariationwithtemperaturefor75S-T6aluminum.Thequadratic
formulaisassumedtobe approximatedby thefollowinglinesrelation:
E= (10.5x 106) - (7.5
where T .is in.degreesFahrenheit.
Ingeneral,theviscosity-coefficient
(ref.9) isexpectedtobe oftheform
Ea
where
Ea
R
Ta
K
activationenergy
universalgasconstant
temperature,degabs
constant
x ld T) (18)
variationwithtemperature
(19)
—
“
b
b
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Theapproximationf a linearelationto enexponentialcurveis
validonlyfora narrowrangeof thetemperatures.Basedontheexperi-
mentalcurvesof figure.jinreference2 sndtheuseof equations(2)
and(19),thefollowingrelationbetweenviscositycoefficientand
temperatureisassumed:
( )(A= 6x10~ - L5x1011T ) (20)
Itisassumedthatat zerotimethetemperatureofthecolumnis
75°F andthatitstemperatureisesto &OOOF within&l seconds.There-
forethetemperature-timeequationis
T =75 + 5.42t (21) ‘
where
A
linear
t isthetimein seconds.
comparisonof equations(18), (20),and(21)withthegeneral
equationsgives
al= 10.5X 106 bl ‘ -7.5X 10?
%2= 6x 1013 b2 = -1.5 x 10U
a3 = 75 b3 =5.42
/
If P PEO= 0.8
/~ = EOPpEo= 9.9375x 10! x0.8=7.95x106
J’a=a z . -4W
P = (al - c~l = -340
~2
c
-— = -0.000163
b1~b3(IX- $) b2b3
~2
= -0.000173
blb2b3(a- P)
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.
Thereforequation(17) becomes
= (T.+ 13)0“W0173(T+ CL)o“000163
. IT - WI o.000163
(T.+ a)O*O00163(T+ p)o*ooo173IT- 34010*00017’3
since
the
the
and
(T.+ 13)0.000173
(TO+ ~)o~ooo163
~nce eqqation(16) is
{ “--
IT - Molooooo163
}
‘= [1-(C/EjlT-3W10=~0173-1 ‘in
.175 - 3401°”0m173
175- @olo~omi63
>
%1
(fix/L) (22)
.
Thisrelationisshownin figure2 forthemidpointdeflectionsof
column.Alsoshownin figure2 is a curvefora coi~ subjected.to b.
followingconditions:
/
P PEO=0.9
T = 7’5+ o.542t
Of the twocurvesthesteeperonecorrespondsto a rapidheating
witha criticaltimeof48seconds.Therateofheatingcorresponding
to theflattercurveraisesthetemperatureofthecolumninsucha manner
thattheEulerloadisreachedin244seconds.Consequently,eventhe
slowheatingisrapidenoughfromtheviewpointofpracticalapplications.
Thediagramclearlyindicatesthatindefinitelyargedeflections
developatthetimewhentheincreaseintemperaturelowerstheYoung’s
modulusofthematerialto suchen extenthattheappliedloadbecomes —
theEulerloadofthecolumn.At themorerapidrateofheatingpresented
thecriticaltimecanbe consideredin goodapproximationasthelimttof -5—
practicalusefulnessofthecolumn.On theotherhandwiththeslowrate -
ofheatingthecolumnbecomesuselessat a valueofthetimeconsiderably l
smallerthanthecriticaltime.Thecumulativeeffectof creepresults
indeflectionsof suchmagnitudethatthelinearstress-strainrel.ation- --
shiplosesitsvalidity;thematerialstartstoyieldrapidlyandthe -..
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columnbucklesforallpracticalpurposesbeforethetheoreticalcritical
time,basedon idealizedconditions,is reached.If a maximumdeflection
ofthecolumnammntingto 50timestheinitialmsx”imumdeflectionis
consideredinadmissibleattheslowrateofheating,thecolumnwould
becomeuselessafter2(X)secondsratherthanatthecriticaltimeof
244seconds.
DISCUSSION
Thegeneraldisplacementequation(eq.(16))indicatesthatthe
deflectedcolumnretainsitssine-curvecharacteristicandthattheaddi-
tionaldeflectiontendsto infinityina fihitetimewhenthetemperature-
dependentEulerloadapproachestheapplied,constantendload.
Althoughtheequationstatesthattheinfinitedeflectionisinde-
pendentoftheviscositycoefficient,hetime-dependentviscositycoef-
ficientdoes,forpracticalpurposes,influencethebucklingfailureif
bucklingfailureisdefinedby somefiniteratioofadditionaldeflection
to initialdeflection.Thiscanbe seenfromfigure2 whichgivesthe
midpointnondimensionaladditionaldeflectionsa a functionoftimefor
theassumedlinear elations.Atthemorerapidrateofheatingthetime
requiredforthetemperature-dependentEulerloadto attainthevalueof
theappliedconstsnteridloadis48.8seconds.Withtheslowrateof
heatingthiscriticaltimeis244seconds.If 50timestheinitialmsxi-
nmmdeflectionisconsideredasthelimitof structuralusefulnessofthe
columnthe13fetimeofthecolumnis200secondsndnotthetheoretical
criticaltfmeof 244seconds.
PolytechnicInstituteofBrooklyn,
I&OOkl~,N.‘Y.,JUIY 23, lgsp.
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Figurel.-Deflectionnotationforcolmn.
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Figure 2.- Midpointnondimnaionaladditionaldeflectionsverfnmtim.
Assumedrelatiom: E = (10.5- 0.0075T)106;h = (6- o.017T)1&3;
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